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Abstract
Given a collection of pairwise co-prime integers m1, . . . ,mr, greater
than 1, we consider the product Σ = Σm1 × · · · × Σmr , where each Σmi
is the mi-adic solenoid. Answering a question of D. P. Bellamy and J. M.
 Lysko, in this paper we prove that if M is a subcontinuum of Σ such that
the projections of M on each Σmi are onto, then for each open subset U
in Σ with M ⊂ U , there exists an open connected subset V of Σ such
that M ⊂ V ⊂ U ; i.e. any such M is ample in the sense of Prajs and
Whittington [10]. This contrasts with the property of Cartesian squares
of fixed solenoids Σmi × Σmi , whose diagonals are never ample [1].
Key words and phrases: solenoids, connected neighborhoods, continuum,
fupcon property, product.
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Introduction
In the present paper we study Cartesian products of Vietors solenoids. Recall
that a (Vietoris) n-adic solenoid is a compact and connected space (i.e. contin-
uum) given as the inverse limit of circles, with n-fold covering maps as bonding
maps (n > 1). Solenoids are indecomposable; i.e. they cannot be given as the
union of two proper subcontinua. Since solenoids are topological groups they are
homogeneous. Solenoids arise in the theory of dynamical systems as suspensions
of odometers, and therefore minimal sets of suspension flows. Solenoids were
also used by Smale to provide one of the first examples of hyperbolic attractors
[11]. Williams [12] generlized these examples to higher dimensional analogues
of solenoids, first constructed by McCord [8]. Here we study a condition un-
der which subcontinua of products of solenoids have arbitrarily small connected
open neighborhoods, called full projection implies arbitrary small connected open
neighborhoods, or fupcon for short. Recall that, given a family of metric con-
tinua {Xα : α ∈ J}, the product X =
∏
α∈J Xα has fupcon property, provided
that for every subcontinuum M and open subset U of X such that M ⊂ U
and piα(M) = Xα for each α ∈ J (piα is the αth-projection), there exists an
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open connected subset V of X such that M ⊂ V ⊂ U . Clearly, each product
of locally connected continua has fupcon property. A subcontinuum M of a
continuum X is ample provided that for each open subset U of X with M ⊂ U ,
there exists a subcontinuum L of X such that M ⊂ intX(L) ⊂ L ⊂ U . So X
is connected im kleinen at a point p ∈ X provided that {p} is ample. By [3,
Lemma 1], the product X =
∏
α∈J Xα has fupcon property provided that each
subcontinuumM of X projecting onto each Xα is an ample subset of X . Ample
subcontinua where introduced in [10] and they have been useful to improve the
understanding of homogeneous continua. It is easy to show that if M is an am-
ple subcontinuum of a continuum X , then the hyperspace C(X) of subcontinua
of X (with the Hausdorff metric) is connected im kleinen at M . Thus, if X is
a product with fupcon property, then it is possible to find subcontinua M of X
at which C(X) is connected im kleinen. This is something remarkable, since in
some of the examples considered in this area (products of pseudo-arcs, solenoids
and Knaster continua), of products with fupcon property, the properties of local
connectedness are very rare. Below we list some of the known results related to
fupcon property.
1. any product of Knaster continua has fupcon property [1, Theorem 4.1 and
Observation in p. 230],
2. any product of pseudo-arcs has fupcon property [1, Theorem 4.4 and Ob-
servation in p. 230],
3. a product of a solenoid with itself does not have fupcon property [1, Corol-
lary 4.3],
4. a product of the pseudo-arc with any product of Knaster continua has
fupcon property [3, Corollary 9],
5. there exist indecomposable chainable continua whose product does not
have fupcon property [3, Example 11],
6. if a product of continua has fupcon property, then each factor is a Kelley
continuum [3, Theorem 10],
7. there is a complete characterization of chainable continua X for which
the diagonal in X × X has arbitrary small connected neighborhoods [4,
Corollary 3.2]
8. every product of homogeneous continua having the fixed point property
has fupcon property [5, Theorem 2.1],
9. any product of a solenoid and any Knaster continuum has fupcon property
[2, Theorem 1.2] and [5, Theorem 3.1],
10. there exists a Kelley continuum X such that X × [0, 1] does not have
fupcon property [5, Example 4.1], and
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11. the product of a chainable Kelley continuum and [0, 1] has fupcon property
[5, Theorem 5.4],
12. the product of two Smith’s nonmetric pseudo-arcs has the fupcon property
[2, Theorem 3.1].
Answering a question of D. P. Bellamy and J. M.  Lysko [1, Question (4)], in
this paper we prove the following theorem.
Theorem. Letm1, . . . ,mr be a finite sequence of pairwise co-prime integers
greater than 1. For each i ∈ {1, . . . , r}, let Σmi be the mi-adic solenoid. Then
Σ = Σm1 × · · · × Σmr has the fupcon property.
Covering spaces
A mapping is a continuous function. A covering space of a space Y is a pair
(X,ϕ), where ϕ : X → Y is a mapping and for each y ∈ Y , there exists an open
neighborhood U of y in Y such that ϕ−1(U) is a disjoint union of open sets of X
each of which is mapped homeomorphically onto U by ϕ. Given a covering space
(X,ϕ) of the space Y and a mapping ψ : Z → Y , a lifting of ψ to X is a mapping
h : Z → X such that ψ = ϕ ◦ h. In the case that there exists such an h, we say
that ψ can be lifted. By S1 we denote the unit circle (centered at the origin) in
the Euclidean plane. By R we denote the real line. We consider the covering
space (R, e) of S1, where e is the exponential mapping e : R → S1 defined
by e(t) = (cos(2pit), sin(2pit)). We consider also covering spaces of the form
((S1)r, g) and ((S1)r, gn), where (S1)r is the Cartesian product S1 × · · · × S1
(with r factors), g : (S1)r → (S1)r is a mapping of the form g(z1, . . . , zr) =
(zk11 , . . . , z
kr
r ), where k1, . . . , kr ∈ N and g
n is the composition g ◦ · · · ◦ g (n
times). The following lemma is an immediate consequence of Theorem 5.1 of
[9].
Lemma 1. Let U be a connected locally arcwise connected space, u0 ∈ U
and g : U → S1 a mapping that cannot be lifted to a mapping g˜ : U → R, with
g = e ◦ g˜. Then there exists a loop γ : [0, 1]→ (U, u0) such that g ◦ γ : [0, 1]→
(S1, g(u0)) is a non-trivial loop.
Loops in (S1)r
From now on we fix a finite sequence of integers m1, . . . ,mr such that if
i 6= j, then mi and mj are relatively prime, and mi ≥ 2 for each i. We also fix
the mapping f : (S1)r → (S1)r given by
f(z1, . . . , zr) = (z
m1
1 , . . . , z
mr
r ).
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We denote by 1− the point in (S1)r given by 1− = ((1, 0), . . . , (1, 0)). For each
i ∈ {1, . . . , r}, we denote by ρi : (S
1)r → S1 the ith-projection.
A general construction
Given k1, . . . , kr ∈ N, consider the mapping g : (S1)r → (S1)r given by
g(z1, . . . , zr) = (z
k1
1 , . . . , z
kr
r ). Then ((S
1)r, g) is a covering space of the space
(S1)r. Given a loop γ : [0, 1]→ ((S1)r, 1−), define γ∗ : [0,∞)→ (S1)r by
γ∗(t) = γ(t− i+ 1), if t ∈ [i− 1, i].
Since the fundamental group of [0,∞) is trivial, by Theorem 5.1 of [9], there
exists a unique lifting γ(g) : [0,∞)→ (S1)r of the mapping γ∗ (in the covering
space ((S1)r , g)) such that γ(g)(0) = 1−. Then γ(g) satisfies the following
properties.
(a) For each t ∈ [0,∞), g(γ(g)(t)) = γ(t− k + 1), if t ∈ [k − 1, k],
(b) g(Im(γ(g))) ⊂ Im(γ).
For each k ∈ N, g(γ(g)(k)) = γ(1) = 1−. Then γ(g)(N) ⊂ g−1(1−). Thus,
γ(g)(N∪{0}) is finite. Moreover, γ(g)([k − 1, k]) = the image of the lifting of γ
that starts at the point γ(g)(k − 1). Thus:
(c) Im γ(g) is a subcontinuum of (S1)r.
Notice that for each n ∈ N, we can apply the above construction to the mapping
g = fn. Then for each loop γ : [0, 1]→ ((S1)r, 1−) and for each n ∈ N, we can
define the mapping γ(n) : [0,∞)→ (S1)r by
γ(n) = γ(fn).
Given s0 = (s1, . . . , sr) ∈ (Z r {0})
r and n ∈ N ∪ {0}, let σ(s0, n) : [0,∞) →
(S1)r be given by
σ(s0, n)(t) = (e(
s1t
mn1
), . . . , e( srt
mnr
)).
For each s ∈ Z r {0}, let λs : [0, 1]→ S1 be given by
λs(t) = e(st).
Lemma 2. Let n, k ∈ N, s0 = (s1, . . . , sr) ∈ (Z r {0})r and γ, ζ : [0, 1] →
((S1)r, 1−) loops. Then
(d) f ◦ γ(n+1) = γ(n),
(e) (σ(s0, 0)|[0,1])
(n) = (σ(s0, 0)|[0,1])(f
n) = σ(s0, n),
(f) If γ and ζ are homotopic, then γ(n)|[0,k] and ζ
(n)|[0,k] are homotopic, and
γ(n)(k) = ζ(n)(k),
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(g) If γ : [0, 1]→ ((S1)r , 1−) is a loop such that for each i ∈ {1, . . . , r}, ρi ◦γ
is homotopic to λsi , then γ is homotopic to σ(s0, 0)|[0,1].
Proof. (d) Given t ∈ [0,∞), suppose that t ∈ [i − 1, i] with i ∈ N, then
fn(f ◦ γ(n+1))(t) = fn+1(γ(n+1)(t)) = fn+1(γ(fn+1)(t)) = γ(t− i + 1) = γ∗(t)
and (f ◦ γ(n+1))(0) = f(γ(fn+1)(0)) = f(1−) = 1−. Thus, f ◦ γ(n+1) is the
unique lifting of γ∗ (in the covering space ((S1)r, fn)) such that (f ◦γ(n+1))(0) =
1−. Hence, f ◦ γ(n+1) = γ(n).
(e) Given t ∈ [0,∞), suppose that t ∈ [i− 1, i] with i ∈ N. By the properties
of the exponential mapping, we have that fn(σ(s0, n)(t)) = f
n(e( s1t
mn1
), . . . , e( srt
mnr
)) =
(e(s1t), . . . , e(srt)) = (e(s1(t−(i−1))), . . . , e(sr(t−(i−1))) = ((σ(s0, 0)[0,1])
∗)(t).
Then the mapping σ(s0, n) is a lifting of the mapping (σ(s0, 0)|[0,1])
∗ (in the
covering space ((S1)r, fn)) such that σ(s0, n)(0) = 1
−. So (σ(s0, 0)|[0,1])(f
n) =
σ(s0, n).
(f) Notice that γ∗|[0,k] and ζ
∗|[0,k] are homotopic loops in ((S
1)r, 1−). Notice
also that γ(n)|[0,k] and ζ
(n)|[0,k] are liftings of γ
∗|[0,k] and ζ
∗|[0,k] (in the covering
space ((S1)r, fn)), respectively such that γ(n)(0) = 1− = ζ(n)(0). By Lemma
3.3 in [9], γ(n)|[0,k] and ζ
(n)|[0,k] are homotopic and γ
(n)(k) = ζ(n)(k).
(g) Is immediate.
Theorem 3. Let s0 = (s1, . . . , sr) ∈ (Z r {0})r. Then there exists N ∈ N
such that for each n ≥ N and every loop γ : [0, 1]→ ((S1)r, 1−) satisfying that
for each i ∈ {1, . . . , r}, ρi ◦γ is homotopic to λsi , we have that f
−1(Im(γ(n))) =
Im(γ(n+1)) and f−1(Im(γ(n))) is a subcontinuum of (S1)r.
Proof. Let α1, . . . , αr ∈ N ∪ {0} be such that for each i ∈ {1, . . . , r},
si = m
αi
i qi, where qi and mi are relative prime. Let α = max{α1, . . . , αr},
N = mα1 · · ·m
α
r and n ≥ N . Let γ : [0, 1]→ (S
1)r be a loop such that for each
i ∈ {1, . . . , r}, ρi ◦ γ is homotopic to λsi .
By Lemma 2 (d), f ◦ γ(n+1) = γ(n). Thus, Im γ(n+1) ⊂ f−1(Im(γ(n))).
By Lemma 2 (g), γ is homotopic to σ(s0, 0)|[0,1]. By Lemma 2, (f) and (f),
for each k ∈ N, γ(n+1)(k) = (σ(s0, 0)|[0,1])
(n+1)(k) = σ(s0, n + 1)(k). Since
γ(n+1)(0) = 1− = σ(s0, n+ 1)(0), we conclude that γ
(n+1)(k) = σ(s0, n+ 1)(k)
for each k ∈ N ∪ {0}.
Notice that f−1(1−) = {(e( j1
m1
), . . . , e( jr
mr
)) : for each i ∈ {1, . . . , r}, 0 ≤ ji <
mi}. We claim that f−1(1−) ⊂ γ(n+1)(N). For proving this, take i ∈ {1, . . . , r}
and ji ∈ {0, . . . ,mi − 1}. Set j− = (j1, . . . , jr).
For each i ∈ {1, . . . , r}, let βi = n − αi. Set u = m
β1
1 · · ·m
βr
r and ui =
u
m
βi
i
.
Then usi
m
n+1
i
=
um
αi
i
qi
m
n+1
i
= uiqi
mi
. Notice that uiqi and mi are relative prime.
By the Chinese Remainder Theorem, there exists x ∈ N such that for each
i ∈ {1, . . . , r},
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uiqix ≡ ji(modmi).
Then e( usix
m
n+1
i
) = e(uiqix
mi
) = e( ji
mi
) for each i ∈ {1, . . . , r}. Set k = ux. Then
k ∈ N and
γ(n+1)(k) = σ(s0, n+ 1)(k) = σ(s0, n+ 1)(ux) = (e(
s1ux
m
n+1
1
), . . . , e( srux
m
n+1
r
)) =
(e( j1
m1
), . . . , e( jr
mr
)).
We have shown that f−1(1−) ⊂ γ(n+1)(N).
Take a point v ∈ f−1(Im(γ(n))). Then f(v) = γ(n)(t0) for some t0 ∈ [0,∞).
Consider the path γ(n)|[0,t0] in (S
1)r. Since ((S1)r, f) is a covering space of
(S1)r, there exists a lifting ζ : [0, t0] → (S1)r of γ(n)|[0,t0] such that ζ(t0) = v.
Since f ◦ ζ = γ(n)|[0,t0], we have f(ζ(0)) = γ
(n)(0) = 1−, so ζ(0) ∈ f−1(1−) ⊂
γ(n+1)(N). Then there exists k ∈ N such that ζ(0) = γ(n+1)(k).
Consider the mapping ω : [0, k + t0]→ (S1)r given by:
ω(t) =
{
γ(n+1)(t), if t ∈ [0, k],
ζ(t− k), if t ∈ [k, k + t0].
Given t ∈ [0, k + t0], if t ≤ k, by the definition of γ(n+1), fn+1(ω(t)) =
fn+1(γ(n+1)(t)) = fn+1((γ(fn+1))(t)) = γ(t− j + 1), if t ∈ [j − 1, j] (j ∈ N). If
k ≤ t, by the definition of γ(n), fn+1(ω(t)) = fn+1(ζ(t−k)) = fn(γ(n)(t−k)) =
γ(t − k − j + 1), if t− k ∈ [j − 1, j]. That is, fn+1(ω(t)) = γ(t − k − j + 1), if
t ∈ [k + j − 1, k + j].
We have shown that for each t ∈ [0, k + t0], fn+1(ω(t)) = γ(t − i + 1), if
t ∈ [i − 1, i] (i ∈ N). Since γ(n+1) also satisfies that for each t ∈ [0, k + t0],
fn+1(γ(n+1)(t)) = γ(t− i+1), if t ∈ [i− 1, i] and ω(0) = γ(n+1)(0), we conclude
that ω = γ(n+1)|[0,k+t0].
In particular, γ(n+1)(k+t0) = ω(k+t0) = ζ(t0) = v. Therefore, v ∈ Im(γ(n+1)).
This completes the proof that Im(γ(n+1)) = f−1(Im(γ(n))).
Finally, by (c), Im(γ(n+1)) is a subcontinuum of (S1)r. 
Fupcon property
For each i ∈ {1, . . . , r}, we consider the solenoid Σmi which is the inverse
limit of the inverse sequence {S1, fi}, where fi : S1 → S1 is defined as before.
That is fi(z) = z
mi. We consider the Cartesian product
Σ = Σm1 × · · · × Σmr
For each i ∈ {1, . . . , r}, let ηi : Σ → Σmi be the i
th-projection. We identify Σ
with lim←((S
1)r, f), where f is defined as before. That is
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f(z) = (f1(z), . . . , fr(z)).
For each n ∈ N, let pin : Σ→ (S1)r be the projection given by:
pin(z1, z2, . . .) = zn, where each zi ∈ (S1)r.
Lemma 4. Let M be a subcontinuum of Σ such that the point p0 =
(1−, 1−, . . .) belongs to M and ηi(M) = Σmi for each i ∈ {1, . . . , r}. Then for
each n ∈ N and each i ∈ {1, . . . , r}, (ρi ◦ pin)|M : M → S
1 cannot be lifted (in
the covering space (R, e)).
Proof. Suppose to the contrary that (ρi ◦ pin)|M can be lifted for some
n ∈ N and i ∈ {1, . . . , r}. Then there exists a mapping h : M → R such that
e ◦ h = (ρi ◦ pin)|M . Since (ρi ◦ pin)(p0) = (1, 0), we assume that h(p0) = 0.
Suppose that i = 1, the other cases are similar. For each j ∈ {1, . . . ,m1}, define
gj : M → R by gj(p) =
h(p)+j−1
m1
. Let Kj = {p ∈ M : ρ1(pin+1(p)) = e(gj(p))}.
Then Kj is closed in M .
Given p = (p1, p2, . . .) ∈ M , where for each k ∈ N, pk = (p
(k)
1 , . . . , p
(k)
r ), we
have f(pn+1) = pn, so (ρ1(pin+1(p)))
m1 = (p
(n+1)
1 )
m1 = p
(n)
1 = (ρ1 ◦ pin)(p) =
e(h(p)) = (e(h(p)
m1
))m1 . This implies that ρ1(pin+1(p))
e(
h(p)
m1
)
is an m1-root of the
unity in the complex plane C. Thus, there exists j ∈ {1, . . . ,m1} such that
ρ1(pin+1(p)) = e(
h(p)
m1
)e( j−1
m1
) = e(h(p)+j−1
m1
). Hence, p ∈ Kj. We have shown
that M = K1 ∪ · · · ∪Km1 .
Take j, l ∈ {1, . . . ,m1} such that j 6= l. If there exists p ∈ Kj ∩ Kl, then
e(gj(p)) = ρ1(pin+1(p)) = e(gl(p)). This implies that
h(p)+j−1
m1
= h(p)+l−1
m1
+ k
for some k ∈ Z. Then h(p) + j − 1 = h(p) + l − 1 + km1, and j − l = km1.
This contradicts the fact that j 6= l and j, l ∈ {1, . . . ,m1}. We have shown that
K1, . . . ,Km1 are pairwise disjoint.
Since ρ1(pin+1(p0)) = (1, 0) = e(
h(p0)
m1
), we obtain that K1 6= ∅. The connected-
ness of M implies that K1 =M . Thus, for each p ∈M , ρ1(pin+1(p)) = e(
h(p)
m1
).
Let h1 =
1
m1
h. Then h1 is a lifting of ρ1 ◦ pin+1 such that h1(p0) =
h(p0)
m1
= 0.
If we repeat the argument with h1 instead of h, we can obtain that for each
p ∈M , ρ1(pin+2(p)) = e(
h(p)
m21
).
Proceeding this way we can obtain that for each a ∈ N, ρ1(pin+a(p)) = e(
h(p)
ma1
).
SinceM is compact, there exists a0 ∈ N such that diameter({
h(p)
m
a0
1
: p ∈M}) < 1.
Thus, ρ1(pin+a0(M)) = {e(
h(p)
m
a0
1
) : p ∈M} 6= S1. Therefore, there exists a point
wn+a0 ∈ S
1 r ρ1(pin+a0(M)). Take w0 ∈ Σm1 be any point of the form
w0 = (w1, . . . , wn+a−1, wn+a, wn+a+1, . . .).
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Then no point p in M satisfies η1(p) = w0. This contradiction finishes the
proof of the lemma. 
Lemma 5. Let M be a subcontinuum of Σ such that the point p0 =
(1−, 1−, . . .) belongs to M and ηi(M) = Σmi for each i ∈ {1, . . . , r}. Then
for each n ∈ N, and each open connected subset U of (S1)r with pin(M) ⊂ U ,
there exists a loop γ in (U, 1−) such that for each i ∈ {1, . . . , r}, the loop
ρi ◦ γ : [0, 1]→ S
1 cannot be lifted in the covering space (R, e).
Proof. By Lemma 4, (ρ1 ◦ pin)|M :M → S
1 cannot be lifted. This implies
that ρ1|pin(M) : pin(M) → S
1 cannot be lifted, and then ρ1|U : U → S
1 cannot
be lifted.
By Lemma 1, there exists a loop γ1 : [0, 1]→ (U, 1
−) such that ρ1 ◦ γ1 : [0, 1]→
(S1, (1, 0)) is a non-trivial loop. Thus, there exists s ∈ Zr {0} such that ρ1 ◦ γ1
is homotopic to λs.
Suppose, inductively, that 1 ≤ k < r and we have constructed a loop γk : [0, 1]→
(U, 1−) such that for each i ∈ {1, . . . , k}, the mapping ρi◦γk : [0, 1]→ (S
1, (1, 0))
is homotopic to λsi for some si ∈ Z r {0}. Suppose that ρk+1 ◦ γk (which is a
loop in (S1, (1, 0))) is homotopic to λsk+1 for some sk+1 ∈ Z.
Using Lemma 1 again, we have that there exists a loop ζ : [0, 1]→ (U, 1−) such
that ρk+1 ◦ ζ : [0, 1]→ (S
1, (1, 0)) is homotopic to λs0 for some s0 ∈ Z r {0}.
For each i ∈ {1, . . . , k}, let ti ∈ Z be such that ρi ◦ ζ is homotopic to λti . Let
l ∈ N be such that max{|s1| , . . . , |sk| , |sk+1|} < l ≤ l |s0|.
Let γk+1 = ζ ∗ · · · ∗ ζ ∗ γk : [0, 1] → U , where ζ appears l times in ζ ∗ · · · ∗ ζ.
Then γk+1 is a loop in U .
Given i ∈ {1, . . . , k+1}, ρi ◦γk+1 = (ρi ◦ ζ)∗ · · · ∗ (ρi ◦ ζ)∗ (ρi ◦γk) is homotopic
to λui for some ui ∈ Z.
If i ≤ k, then ui = lti+ si. In the case that ti = 0, then ui = si 6= 0, and in the
case that ti 6= 0, then l |ti| ≥ l > |si|, so ui 6= 0.
If i = k + 1, then ui = ls0 + sk+1 6= 0.We have shown that ui 6= 0 for every
i ∈ {1, . . . , k + 1}. This finishes the induction and the proof of the lemma. 
Theorem 6. Σ = Σm1 × · · · × Σmr has the fupcon property.
Proof. Let M be a subcontinuum of Σ such that for each i ∈ {1, . . . , r},
ηi(M) = Σmi . Let ε > 0. We are going to show that there exists a connected
open subset V of Σ such thatM ⊂ V and V is contained in the ε-neighborhood
of M in the space Σ.
Since Σ is homogeneous, we may assume that p0 = (1
−, 1−, . . .) ∈ M . Let
N0 ∈ N be such that
1
2N0
< ε2 .
By the uniform continuity of f , there exists δ > 0 such that δ < ε and the
following implication holds: if i ∈ {1, . . . , N0} and z, w ∈ (S1)r are such that
|z − w| < δ, then
∣∣f i(z)− f i(w)∣∣ < ε2 .
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Let W be the δ-neighborhood of piN0(M) in the space (S
1)r.
By Lemma 5, there exists a loop γ0 in (W, 1
−) such that for each i ∈ {1, . . . , r},
the loop ρi ◦ γ0 : [0, 1]→ (S
1, (1, 0)) cannot be lifted in (R, e). Therefore, there
exists si ∈ Z r {0} such that ρi ◦ γ0 is homotopic to λsi .
Let N1 ∈ N be as in Theorem 3 such that N1 > N0. Let Y be the component
of f−N1(W ) that contains piN0+N1(M). Then Y is a connected open subset of
(S1)r and 1− ∈ Y .
Let V = pi−1N0+N1(Y ). Then V is open in Σ and M ⊂ V . We are going to show
that V is connected.
Take v = (v1, v2, . . .) ∈ V . Then vN0+N1 ∈ Y . Let η : [0, 1] → (S
1)r be a
lifting (in the covering space ((S1)r, fN1)) of the loop γ0 such that η(0) = 1
−.
Then fN1(η(1)) = γ0(1) = 1
−. Since fN1(Im(η)) ⊂ Im(γ0) ⊂ W , we have
Im(η) ⊂ f−N1(W ), and since 1− ∈ Im(η) ∩ piN0+N1(M), we conclude that
Im(η) ⊂ Y .
Since Y is arcwise connected, there exists a path µ : [0, 1] → Y such that
µ(0) = η(1) and µ(1) = vN0+N1 .
Let ω be the mapping η ∗ µ ∗ µ−1 : [0, 1] → (S1)r and let γ : [0, 1] → (S1)r be
the loop fN1 ◦ ω : [0, 1]→ ((S1)r, 1−). Notice that Im(γ) ⊂W , γ is homotopic
to fN1 ◦ η = γ0. By the choice of N1, for each n ≥ N1, f
−1(Im(γ(n))) is a
subcontinuum of (S1)r.
Notice that ω is a lifting of the loop γ (in the covering space ((S1)r, fN1))
satisfying ω(0) = η(0) = 1−. On the other hand, γ(N1)|[0,1] is a lifting (in
((S1)r, fN1)) of γ with γ(fN1)(0) = 1−. Thus, ω = γ(N1)|[0,1]. Therefore,
Im(ω) ⊂ Im(γ(N1)). In particular, vN0+N1 ∈ Im(γ
(N1)).
By (b) fN1(Im(γ(fN1))) ⊂ Im(γ), so Im(γ(N1)) = Im(γ(fN1)) ⊂ f−N1(W ).
Moreover, since (γ(N1))(0) = 1−, we have that Im(γ(N1)) ⊂ Y .
Consider the sequence {Ln}∞n=1 of subcontinua of (S
1)r defined in the following
way.
L1 = f
N0−1(Im(γ)), L2 = f
N0−2(Im(γ)), . . . , LN0−1 = f(Im(γ)),
LN0 = Im(γ),
LN0+1 = Im(γ
(1)), LN0+2 = Im(γ
(2)), LN0+3 = Im(γ
(3)), . . . ,
LN0+N1 = Im(γ
(N1)),
LN0+N1+1 = f
−1(Im(γ(N1))), LN0+N1+2 = f
−1(Im(γ(N1+1))),
LN0+N1+3 = f
−1(Im(γ(N1+2))), . . .
Claim.
(1) {(Ln, f)}
∞
n=1 is an inverse sequence of continua,
(2) the inverse limit L0 of the sequence {(Ln, f)}∞n=1 is a subcontinuum of
Σ containing v, contained in V and intersecting M .
(3) V is contained in the ε-neighborhood of M in the space Σ.
Proof of (1). By (c), L1, . . . , LN0+N1 are subcontinua of (S
1)r. The choice
of N1 implies that LN0+N1+1, LN0+N1+2, . . . are also continua.
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Clearly, for each 1 < n ≤ N0, f(Ln) = Ln−1. By (b), f(LN0+1) ⊂ LN0 .
By Lemma 2 (e), for each n ∈ N,
f(Im(γ(n+1))) ⊂ Im(γ(n))
and
f(f−1(Im(γ(n+1)))) ⊂ Im(γ(n+1)) ⊂ f−1(Im(γ(n))).
So, for each n ∈ {N0 + 1, . . . , N0 +N1 − 1} ∪ {N0 +N1 + 1, N0 +N1 + 2, . . .},
f(Ln+1) ⊂ Ln. Clearly, f(LN0+N1+1) ⊂ LN0+N1 . We have shown that for each
n ∈ N, f(Ln+1) ⊂ Ln. This completes the proof of (1).
(2). By the choice of N1, LN0+N1+2 = f
−1(Im(γ(N1+1))) = f−2(Im(γ(N1))),
LN0+N1+3 = f
−3(Im(γ(N1))), LN0+N1+4 = f
−4(Im(γ(N1))),. . .
Since vN0+N1 ∈ Im(γ
(N1)) and v ∈ Σ, vN0+N1+1 ∈ f
−1(Im(γ(N1))) = LN0+N1+1,
vN0+N1+2 ∈ f
−2(Im(γ(N1))) = LN0+N1+2 and so on. Moreover, by (1),
vN0+N1−1 ∈ LN0+N1−1,
vN0+N1−2 ∈ LN0+N1−2
and so on. Therefore, v ∈ L0.
By (b), fN1(Im(γ(N1))) = fN1(Im(γ(fN1))) ⊂ Im(γ) ⊂ W . So, Im(γ(N1)) ⊂
f−N1(W ). Recall that 1− ∈ Im(γ(N1)). This implies that LN0+N1 = Im(γ
(N1)) ⊂
Y . Thus, L0 ⊂ pi
−1
N0+N1
(Y ) = V .
Since f(1−) = 1− and γ(0) = fN1(ω(0)) = 1−, it follows that 1− ∈ Ln for all
n ∈ N. Therefore, (1−, 1−, . . .) ∈ L0 ∩M .
(3). Take an element w = (w1, w2, . . .) ∈ V . Then wN0+N1 ∈ Y and
wN0 = f
N1(wN0+N1) ∈W .
SinceW is the δ-neighborhood of piN0(M) in (S
1)r, there is z = (z1, z2, . . .) ∈M
such that |wN0 − zN0| < δ < ε. This implies that for each i ∈ {1, . . . , N0 − 1},∣∣f i(wN0)− f i(zN0)∣∣ < ε2 . Thus, for each i ∈ {1, . . . , N0}, |wi − zi| < ε2 . Since
1
2N0
< ε2 , we conclude that the distance in Σ from w to z is less than ε.
Property (2) implies that V is connected. By property (3) we conclude that Σ
has the fupcon property. 
Open problems
Below we list some related open problems.
(Q1) Does the product of two chainable Kelley continua have the fupcon prop-
erty [3, Question 12]?
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(Q2) Suppose X and Y are 1-dimensional continua such that X × Y has the
fupcon property, does the product XP × YP have the fupcon property
[2, Question 4]?, Xp is a 1-dimensional continuum that admits a contin-
uous decomposition into pseudo-arcs, and whose decomposition space is
homeomorphic to X [7]?
(Q3) Does the product of [0, 1] and the pseudo-circle have the fupcon property
[2, Question 5]?
(Q4) Does the product of a pseudo-arc and pseudo-circle have the fupcon prop-
erty [2, Question 6]?
(Q5) Does the product of two pseudo-circles have the fupcon property [2, Ques-
tion 7]?
(Q6) Cartesian products of which matchbox manifolds have the fupcon prop-
erty?
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